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TOTALLY BIHARMONIC HYPERSURFACES IN SPACE FORMS AND
3-DIMENSIONAL BCV SPACES
S. MONTALDO AND A. PA´MPANO
Abstract. A hypersurface is said to be totally biharmonic if all its geodesics are biharmonic
curves in the ambient space. We prove that a totally biharmonic hypersurface into a space
form is an isoparametric biharmonic hypersurface, which allows us to give the full classification
of totally biharmonic hypersurfaces in these spaces.
Moreover, restricting ourselves to the 3-dimensional case, we show that totally biharmonic sur-
faces into Bianchi-Cartan-Vranceanu spaces are isoparametric surfaces and we give their full
classification. In particular, we show that, leaving aside surfaces in the 3-dimensional sphere, the
only non-trivial example of a totally biharmonic surface appears in the product space S2(ρ)×R.
1. Introduction
A hypersurface Mn−1 into a n-dimensional Riemannian manifold Nn is called totally bi-
harmonic if all the geodesics of Mn−1 are biharmonic curves of Nn. The notion of totally
biharmonic hypersurfaces was introduced in [13], where the authors characterized these hyper-
surfaces in terms of their extrinsic geometry. More precisely, in [13], it was proved that totally
biharmonic hypersurfaces can be characterized as solutions of a system of equations involving
the shape operator, its derivatives and the sectional curvature of the ambient space. We recall
this characterization in Proposition 2.2.
For the purpose of this paper we are going to say that a hypersurface Mn−1 into Nn is a
biharmonic hypersurface if the following system is verified{
∆H +H|Sη|2 −H Ric(η, η) = 0
2Sη(gradH) + (n− 1)H gradH − 2H Ric(η)T = 0 ,
where Sη is the shape operator, H is the mean curvature function and Ric(η)
T is the tangent
component of the Ricci curvature of Nn in the direction of the vector field η.
To state the first result of the paper we recall that a hypersurface into a space form Nn =
Nn(ρ), of constant sectional curvature ρ, is isoparametric if the principal curvatures are constant
([5]). We then have the following characterization.
Theorem 1.1. Let Mn−1 be a totally biharmonic hypersurface into a space form Nn = Nn(ρ)
with constant sectional curvature ρ. Then Mn−1 is an isoparametric biharmonic hypersurface.
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This result gives us a way to classify totally biharmonic hypersurfaces in space forms. In
fact, the classification of biharmonic isoparametric hypersurfaces in space forms is well-known
(see, for instance, [12]) and, therefore, by a direct check one can obtain the corresponding local
classification of totally biharmonic hypersurfaces (see Theorem 3.1).
However, in general, it may be interesting to obtain the classifications directly from the
definition of totally biharmonic hypersurfaces, since this may give a new insight in the theory
of biharmonic submanifolds.
To this aim we concentrate ourselves to the classification of totally biharmonic surfaces in
the Bianchi-Cartan-Vranceanu (BCV) spaces N(a, b). These spaces, as we shall detail in §3,
represent a local model of the 3-dimensional homogeneous manifolds with isometry group of
dimension 4 or 6 except for the hyperbolic space. We first prove that a totally biharmonic
surface into a BCV space N(a, b), 4 a 6= b2, is either totally geodesic or a rotational Hopf
cylinder (Theorem 4.1). As a consequence, we conclude with the following local classification
of totally biharmonic surfaces into BCV spaces.
Theorem 1.2. Let M be a totally biharmonic surface into a BCV space N(a, b). Then M is
either a part of a totally geodesic surface or one of the following:
(i) a part of the Clifford torus S1(
√
2 ρ )× S1(√2 ρ ) ⊂ S3(ρ);
(ii) a part of the totally umbilical sphere S2(2 ρ) ⊂ S3(ρ);
(iii) a part of the cylinder S1(
√
2 ρ )× R ⊂ S2 (ρ)×R.
2. Totally Biharmonic Hypersurfaces
Harmonic maps ϕ : (M,g) → (N,h) between Riemannian manifolds are the critical points
of the energy functional
E(ϕ) =
1
2
∫
M
|dϕ|2vg
and the corresponding Euler-Lagrange equation is given by the vanishing of the tension field
τ(ϕ) = trace∇dϕ (see [9]). In [10], J. Eells and J. H. Sampson suggested to study biharmonic
maps, which are the critical points of the bienergy functional
E2(ϕ) =
1
2
∫
M
|τ(ϕ)|2vg .
The first variation formula of the bienergy was derived by G. Y. Jiang in [14], proving that the
Euler-Lagrange equation for E2 is
(1) τ2(ϕ) = −∆τ(ϕ)− traceRN (dϕ, τ(ϕ))dϕ = 0 ,
where RN is the curvature operator of (N,h) defined by
RN (X,Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ] , X, Y ∈ C(TN),
and ∆ represents the rough Laplacian on C(ϕ−1(TN)), which, for a local orthonormal frame
{ei}mi=1 on M , is defined by
∆ = −
m∑
i=1
(
∇ϕei∇ϕei −∇ϕ∇Mei ei
)
.
The equation τ2(ϕ) = 0 is called the biharmonic equation.
Let ϕ : Mm → Nn be an isometric immersion of a Riemannian manifold of dimension m
into another Riemannian manifold of dimension n > m. The positive integer n −m is called
the codimension of the immersion ϕ. In particular, if n −m = 1, we will say that Mn−1 is an
hypersurface of Nn.
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Now, for an isometric immersion of a hypersurface Mn−1 into a Riemannian manifold Nn,
let’s denote by η the unit normal vector field toMn−1 in Nn and by Sη the corresponding shape
operator.
For isometric immersions of codimension one the bitension field can be nicely decomposed in
its normal and tangential components as it is shown in the following theorem (see, for instance,
[2, 7, 15, 17]).
Theorem 2.1. Let ϕ : Mn−1 → Nn be an isometric immersion with unit normal vector field
η and mean curvature function H. Then, the normal and tangential components of τ2(ϕ) are
respectively
(2)
{
∆H +H|Sη|2 −H Ric(η, η) = 0
2Sη(gradH) + (n− 1)H gradH − 2H Ric(η)T = 0
where Sη is the shape operator and Ric(η)
T is the tangent component of the Ricci curvature of
N in the direction of the vector field η.
We shall say that an isometric immersion ϕ : Mn−1 → Nn is biharmonic if the corresponding
bitension field vanishes, that is if system (2) of Theorem 2.1 is satisfied. Moreover, as introduced
in [15], we shall say that a hypersurface Mn−1 is biminimal if only the normal component of
τ2(ϕ) vanishes, that is, according to Theorem 2.1, if the following equation is verified
(3) ∆H +H|Sη|2 −H Ric(η, η) = 0 .
Observe that minimal hypersurfaces (H = 0) are clearly biharmonic and that biharmonic hy-
persurfaces are obviously biminimal. Moreover, any constant mean curvature biminimal hyper-
surface is biharmonic provided that the tangent component of the Ricci curvature of Nn, in the
direction of the vector field η, vanishes, that is Ric(η)T = 0.
Let now γ : I → Nn be a curve parametrized by arc-length, from an open interval I ⊂ R to a
Riemannian manifold Nn. In this case, putting γ′ = t, the biharmonic equation (1) reduces to
(4) τ2(γ) = ∇3t t+RN (∇t t, t) t = 0 .
Solutions of this equation are called biharmonic curves. In particular, any geodesic (∇t t = 0)
is a biharmonic curve. We say that a biharmonic curve is proper if it is not a geodesic.
A natural question is to understand when the geodesics of a given hypersurface Mn−1 of a
Riemannian manifold Nn are always biharmonic curves in the ambient space. More precisely,
consider a codimension one immersion ϕ :Mn−1 → Nn, we say that the immersed hypersurface
Mn−1 is a totally biharmonic hypersurface if all geodesics ofMn−1 are biharmonic curves in Nn.
This notion was first introduced in [13], where the classification of totally biharmonic surfaces
into 3-dimensional space forms was given.
Notice that totally biharmonic hypersurfaces generalize the notion of totally geodesic hyper-
surfaces in the same way biharmonic curves generalize geodesics.
In order to characterize the totally biharmonic hypersurfaces, we shall recall the following
proposition first proved in [13].
Proposition 2.2. Let ϕ : Mn−1 → Nn be a codimension one isometric immersion. Then, the
immersed hypersurface is totally biharmonic if and only if, for any point p ∈Mn−1, one of the
followings is satisfied,
• Sη ≡ 0 and ϕ is totally geodesic; or,
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• Sη is a solution of the following system,
〈Sη(X),X〉 = cst 6= 0 ,(5)
〈Sη(X), Sη(X)〉 = KN (X, η) ,(6)
〈∇XSη(X), Y 〉 = −〈RN (X, η)X,Y 〉 ,(7)
where X, Y are any orthonormal vectors of TpM
n−1.
3. Totally Biharmonic Hypersurfaces of Space Forms
In this section we are going to classify totally biharmonic hypersurfaces of n-dimensional
space forms. Let us denote by Nn = Nn(ρ) any Riemannian space form of dimension n, where
ρ represents the constant sectional curvature. If ρ < 0, we have the n-dimensional hyperbolic
space, simply denoted by Hn(ρ); when ρ = 0, Nn(ρ) = Rn denotes the Euclidean space of
dimension n; and, finally, for positive ρ we recover the n-dimensional round sphere, Sn(ρ).
When we want to explicitly indicate the radius R = 1/
√
ρ of the sphere Sn(ρ), we will use the
notation Sn [R].
We are now in the right position to prove Theorem 1.1.
3.1. Proof of Theorem 1.1. Let us assume that Mn−1 is a totally biharmonic hypersurface
of Nn(ρ). Then, by Proposition 2.2, we have that Mn−1 is either totally geodesic or its shape
operator verifies equations (5)–(7). First, if Mn−1 is totally geodesic, then it is clearly isopara-
metric. Moreover, in this case, Mn−1 is also minimal and, therefore, biharmonic, proving the
statement.
On the other hand, suppose thatMn−1 is not totally geodesic. Then, its shape operator Sη must
verify (5)–(7). Now, for a fixed point p ∈Mn−1 and any principal direction, ei, i = 1, 2, ..., n−1,
of the hypersurface, we have that Sη (ei) = λi ei. Then, from equation (6) we have that the
associated principal curvature λi must verify λ
2
i = ρ. Furthermore, using equation (5), λi is a
non-vanishing constant. In particular, this is only possible when ρ > 0 and Nn(ρ) = Sn(ρ). In
any case, the hypersurface Mn−1 is isoparametric. Moreover, since all principal curvatures are
constant, we also have that Mn−1 has constant mean curvature, H = Ho.
If Ho = 0, then the hypersurface is minimal and, as above, it is also biharmonic and we are
done. Therefore, we consider in what follows that Ho 6= 0. In this case, by substitution in (3),
we conclude that Mn−1 is biminimal if and only if the following equation is verified
(8) |Sη|2 = Ric (η, η) .
At this step, evaluating equation (6) at any principal direction ei, we obtain that
λ2i = 〈Sη(ei), Sη(ei)〉 = KN (ei, η) .
Therefore, using the above identity, we obtain
|Sη|2 =
n−1∑
i,j=1
〈Sη (ei) , ej〉2 =
n−1∑
i,j=1
λ2i 〈ei, ej〉2 =
n−1∑
i=1
λ2i =
n−1∑
i=1
KN (ei, η) = Ric (η, η) ,
proving that equation (8) is satisfied and, therefore, Mn−1 is biminimal.
Finally, as mentioned in §2, constant mean curvature biminimal hypersurfaces are biharmonic
if the tangent component of the Ricci curvature of Nn in the direction of the vector field η
vanishes, that is Ric(η)T = 0. In particular, if Nn is a space with constant sectional curvature,
then, for any hypersurface into Nn = Nn(ρ), Ric(η)T = 0. We thus have that Mn−1 is an
isoparametric biharmonic hypersurface. 
To end up this section, we prove the following classification.
4
Theorem 3.1. Let Mn−1 be a hypersurface into a space form Nn(ρ). If ρ ≤ 0, then Mn−1
is locally a totally geodesic hypersurface. On the other hand, if ρ > 0, then up to rescaling,
Nn(ρ) ∼= Sn(1) = Sn[1] and Mn−1 is, locally, either a totally geodesic hypersurface or one of
the followings:
(i) a part of the totally umbilical sphere Sn−1[1/
√
2 ];
(ii) a part of the generalized Clifford torus Sp[1/
√
2 ]× Sn−p−1[1/√2 ] for any p > 0.
Proof. From Theorem 1.1 we know that a totally biharmonic hypersurface into Nn(ρ) must be
isoparametric and biharmonic. Therefore, if Mn−1 is not totally geodesic we just need to check
when conditions (5)-(7) are verified for an isoparametric biharmonic hypersurface. Let us take
any principal direction ei, i = 1, ..., n − 1, of Mn−1 and denote by λi its associated principal
curvature. Now, since Nn(ρ) has constant sectional curvature ρ, equation (6) reads
λ2i = ρ
for any i = 1, ..., n−1, which is clearly a contradiction if ρ ≤ 0. That is, in these cases, the only
totally biharmonic hypersurfaces are the totally geodesic ones.
On the other hand, if ρ > 0, up to rescaling we can assume that Nn(ρ) ∼= Sn(1) = Sn[1]. In
this case, we have λ2i = 1, i = 1, ..., n − 1. Thus, the hypersurface has at most two distinct
principal curvatures. Proper (non minimal) biharmonic hypersurfaces with at most two distinct
principal curvatures were classified in [1], where the authors proved that they are either a part
of Sn−1[1/
√
2 ] or a part of Sp[1/
√
2 ]×Sn−p−1[1/√2 ] with p 6= n−p−1. We now show that the
non minimal biharmonic hypersurfaces described above are totally biharmonic. We begin with
the case of Sn−1[1/
√
2 ]. Notice that equations (5)-(7) are verified in this case. Indeed, for this
hypersurface we have that λi = 1, which is enough to prove (5) and (6). Finally, the left-hand
side of equation (7), in this case, becomes
(9) 〈∇eiSη(ei), ej〉 = 〈∇eiei, ej〉 = 0,
while the right-hand side also vanishes since RS
n
(ei, η)ei is normal to the hypersurface. Observe
that the second equality in (9) is true since, in the case of the sphere, geodesics are lines of
curvature (see also the computations in [13]).
Now, we need to consider the case of Sp[1/
√
2 ] × Sn−p−1[1/√2 ] with p 6= n − p − 1. For
these generalized Clifford tori, by a direct computation, we show that all geodesics are totally
biharmonic curves in Sn[1]. If the geodesic lies fully in one of the factors we are done, since
it will also be a geodesic of Sn−1[1/
√
2 ], which we have just proved to be totally biharmonic.
Hence, consider any geodesic, γ, of Sp[1/
√
2 ] × Sn−p−1[1/√2 ] ⊂ Rp+1 × Rn−p that does not
lie fully in any of the factors. Then, there exist geodesics α and β in each factor such that
γ(s) = (α(as), β(bs)), where a, b are suitable constants satisfying a2 + b2 = 1, and s represents
the arc-length parameter of γ. Since α and β are geodesics in some sphere of radius 1/
√
2, i.e.
great circles, they can be parametrized, respectively, by
α (as) = cos
(√
2as
)
v1 + sin
(√
2as
)
v2 ,
β (bs) = cos
(√
2bs
)
v3 + sin
(√
2bs
)
v4 ,
where vi, i = 1, 2, 3, 4 are orthogonal constant vectors (v1, v2 ∈ Rp+1, while v3, v4 ∈ Rn−p)
satisfying ‖vi‖2 = 1/2. Therefore, the geodesic γ is given by
γ(s) = cos
(√
2as
)
v1 + sin
(√
2as
)
v2 + cos
(√
2bs
)
v3 + sin
(√
2bs
)
v4 ,
which belongs to the family of biharmonic curves in Sn[1], described in Proposition 4.4 of [3].
This proves that Sp[1/
√
2 ]× Sn−p−1[1/√2 ] with p 6= n− p− 1 is totally biharmonic in Sn[1].
Moreover, if the hypersurface is minimal, isoparametric and with at most two distinct principal
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curvatures, then it is either totally geodesic or the generalized Clifford torus Sp[1/
√
2 ]×Sp[1/√2 ]
with 2p = n − 1. A similar argument as above proves that these generalized Clifford tori are
totally biharmonic. This finishes the proof. 
Remark 3.2. As a consequence of the results in this section we can conclude that a hypersurface
Mn−1 into a space form Nn(ρ) is totally biharmonic if and only if it is isoparametric and
biharmonic with at most two distinct principal curvatures.
4. Totally biharmonic surfaces in 3-dimensional homogeneous spaces
A Riemannian manifold (Nn, h) is said to be homogeneous if for every two points p and q in
Nn, there exists an isometry of Nn mapping p into q. For homogeneous 3-dimensional manifolds
(n = 3) there are three possibilities for the degree of rigidity, since they may have an isometry
group of dimension 6, 4 or 3. The maximum rigidity, 6, corresponds to the space forms, N3(ρ).
The homogeneous 3-dimensional spaces with isometry group of dimension four include, amongst
its simply connected members, the product spaces S2(ρ)×R and H2(ρ)×R; the Berger spheres;
the Heisenberg group; and, the universal covering of the special linear group Sl(2,R). Cartan
in [6] showed that all homogeneous 3-manifolds with group of isometries of dimension 4 can
be described by a Bianchi-Cartan-Vranceanu space N(a, b), where 4 a 6= b2, see Subsection 4.1.
Finally, if the dimension of the isometry group is 3, the homogeneous 3-space is isometric to a
general simply connected Lie group with left invariant metric.
In this section we will focus only on totally biharmonic surfaces into the homogeneous 3-
manifolds with group of isometries of dimension 4.
4.1. Bianchi-Cartan-Vranceanu Spaces. BCV spaces (see [6, 18]) are described by the fol-
lowing two-parameter family of Riemannian metrics
(10) ha,b =
dx2 + dy2
[1 + a(x2 + y2)]2
+
(
dz +
b
2
ydx− xdy
[1 + a(x2 + y2)]
)2
, a, b ∈ R
defined on N3 = {(x, y, z) ∈ R3 ; λa = 1+ a
(
x2 + y2
)
> 0}. We are going to denote these BCV
spaces by N(a, b). We recall that these spaces are the only simply connected homogeneous
3-manifolds admitting the structure of a Killing submersion, [16].
Now, if we consider the orthonormal basis of vector fields given by {E1, E2, E3} where
(11) E1 = λa
∂
∂x
− b y
2
∂
∂z
, E2 = λa
∂
∂y
+
b x
2
∂
∂z
, E3 =
∂
∂z
,
we can write the expressions for the Levi-Civita connection as
(12)
∇E1E1 = 2 a y E2 , ∇E1E2 = −2 a y E1 + b2E3 , ∇E1E3 = − b2E2 ,
∇E2E1 = −2 a y E1 + b2E3 , ∇E2E2 = 2 a xE1 , ∇E2E3 = b2E1 ,
∇E3E1 = − b2E2 , ∇E3E2 = b2E1 , ∇E3E3 = 0 .
Moreover, the nonzero components of the curvature tensor can be computed, obtaining
(13) R1212 = 4 a− 3
4
b2 , R1313 = R2323 =
b2
4
.
Observe that, from the above expressions of curvature tensor, if 4 a = b2 then N(a, b) repre-
sents a 3-dimensional space form. Therefore, from now on, we are going to assume that 4 a 6= b2.
In these cases, as mentioned before, the family of metrics (10) includes all three-dimensional
homogeneous metrics whose group of isometries has dimension 4. The classification of these
spaces is as follows (see, for instance [16])
• If a = 0 and b 6= 0, we have that N(a, b) ∼= H3, the Heisenberg group.
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• If a > 0 and b = 0, N(a, b) ∼=
(
S
2(4 a)− {∞}) × R.
• If a < 0 and b = 0, N(a, b) ∼= H2(4 a) × R.
• If a > 0, b 6= 0 and 4 a 6= b2, then N(a, b) ∼= SU(2)− {∞}.
• And, finally, if a < 0 and b 6= 0, we have that N(a, b) ∼= S˜l(2,R).
Moreover, the Lie algebra of the infinitesimal isometries of N(a, b) with 4 a 6= b2 admits the
following basis of Killing vector fields
(14)
X1 =
(
1− 2 a y2
λa
)
E1 +
2axy
λa
E2 +
by
λa
E3 ,
X2 =
2axy
λa
E1 +
(
1− 2ax2
λa
)
E2 − bxλaE3 ,
X3 = − yλaE1 + xλaE2 −
b(x2+y2)
2λa
E3 ,
X4 = E3 ,
where {Ei}, i = 1, 2, 3, is the orthonormal basis introduced in (11).
Then, a surface which stays invariant under the action of any Killing vector field, ξ, is called
an invariant surface. In particular, it can be checked that, the group of isometries of BCV
spaces N(a, b) with 4 a 6= b2 contains a one-parameter subgroup isomorphic to SO(2). Surfaces
invariant by the action of SO(2) are called rotational surfaces.
On the other hand, invariant surfaces under the action of the Killing vector field X4, (14), are
usually called Hopf cylinders. These cylinders can be parametrized as x(s, t) = ψt(α˜(s)), where
α˜(s) denotes an arc-length parametrized curve orthogonal to X4 in N(a, b) while {ψt ; t ∈ R}
is the one-parameter group of isometries associated to X4.
We recall that isoparametric surfaces of BCV spaces N(a, b) with 4 a 6= b2 have been classified
in [8], where the authors proved that they must be either Hopf cylinders, horizontal slices or
parabolic helicoids.
4.2. Biharmonic Curves in 3-Spaces. In order to prove the local classification of totally
biharmonic surfaces of BCV spaces N(a, b) with 4 a 6= b2, we are going to argue using directly
the definition introduced in [13]. Therefore, we need to recall some facts of biharmonic curves
in 3-spaces.
Let’s denote by γ(s) an arc-length parametrized curve immersed in any 3-space N3 and let’s
put γ′(s) = t(s). If the covariant derivative of the tangent vector field t(s) along γ vanishes,
that is ∇t t(s) = 0, then γ(s) is a geodesic curve.
On the other hand, if γ(s) is a unit speed non-geodesic smooth curve into N3, then γ(s) is a
Frenet curve of rank 2 or 3 and the standard Frenet frame along γ(s) is given by {t,n,b}(s),
where n and b are the unit normal and unit binormal to the curve, respectively, and b is chosen
so that {t,n,b} is a positive orientated frame. Then the Frenet equations
(15)

∇t t(s) = κ(s)n(s) ,
∇tn(s) = −κ(s)t(s) + τ(s)b(s) ,
∇tb(s) = −τ(s)n(s) ,
define the curvature, κ(s) (κ(s) > 0 if the rank is 3), and the torsion, τ(s), along γ(s) (do not
confuse the notation with the tension field τ(ϕ) defined in §2).
Now, substituting the Frenet equations (15) in (4), the system of equations describing proper
biharmonic curves can be written in 3-spaces as
(16)

κ = κo 6= 0 ,
κ2 + τ2 = KN (t,n) ,
τ ′ = −〈RN (t,n)t,b〉 ,
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which represent the tangent, normal and binormal components of τ2(γ), (4), respectively.
Moreover, if the 3-space is a BCV space N(a, b), with 4 a 6= b2, then, using the curvature
tensors (13), system (16) can be rewritten as (see [4, Section 5.1] for details)
κ = κo 6= 0 ,(17)
τ = τo ,(18)
n3 = 0 ,(19)
κ2 + τ2 =
b2
4
− (b2 − 4 a)b23 ,(20)
where n3 = 〈n, E3〉 and b3 = 〈b, E3〉.
4.3. Classification of totally biharmonic surfaces into BCV Spaces. By using the equa-
tions of proper biharmonic curves in BCV spaces N(a, b), 4 a 6= b2, given by (17)-(20), and using
the definition of totally biharmonic surfaces, we have the following first characterization.
Theorem 4.1. LetM2 be a non-totally geodesic surface into a Bianchi-Cartan-Vranceanu space
N(a, b) with 4 a 6= b2. If M2 is a totally biharmonic surface, then a > 0 and M2 is a rotational
Hopf cylinder.
Proof. Fix any point p in a surface M2 of a BCV space N(a, b) with 4 a 6= b2 and denote by η
the unit normal vector field to M2. Since M2 is not totally geodesic, there exists a geodesic γ
passing through p which is not a geodesic of the ambient space N(a, b).
Consider {t,n,b} the associated Frenet frame of γ in N(a, b). Now, since γ is a geodesic of the
surface n must be parallel to the unit normal to the surface. Thus, up to orientation, we can
assume, locally, that n = η.
Moreover, since M2 is totally biharmonic, γ must be proper biharmonic as a curve in the
ambient space N(a, b). Thus, equation (19) must be verified, that is, we have that
n3 = 〈n, E3〉 = 〈η,E3〉 = 0.
Therefore, at the point p, E3 is tangent to the surface.
Next, arguing in the same way for any point p ∈M2, we conclude that E3 is always tangent to
M2.
We now consider the following adapted orthonormal frame {Eˆ1, Eˆ2, Eˆ3 = η} given by
(21)

Eˆ1 = cos ϑE1 + sinϑE2 ,
Eˆ2 = E3 ,
Eˆ3 = sinϑE1 − cos ϑE2 ,
for some function ϑ(p). After a long straightforward computation, taking into account the
formulae of the Levi-Civita connection (12), we can compute, with respect to this adapted
orthonormal frame, the second fundamental form of M2, II. In particular, from the symmetry
of II, we get the following relation
II(Eˆ1, Eˆ2) = −〈∇Eˆ1Eˆ3, Eˆ2〉 =
b
2
= II(Eˆ2, Eˆ1) = −〈∇Eˆ2Eˆ3, Eˆ1〉 =
b
2
− Eˆ2(ϑ) ,
which implies that ϑ is a constant function along the fibers of the Killing submersion, π, as-
sociated to Eˆ2 = E3. Therefore, after a reparametrization if needed, M
2 can be seen as
a Hopf cylinder. We assume that M2 is locally parametrized as x(s, t) = ψt(α˜(s)), where
{ψt ; t ∈ R} denotes the one-parameter group of isometries associated to E3 and α˜(s) is an
arc-length parametrized curve in N(a, b) everywhere orthogonal to E3.
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Now, using formula (16) of [11], we have that the extrinsic Gaussian curvature of M2, Ke,
verifies
(22) Ke = det (Sη) = λ1λ2 =
b2
4
,
where λi, i = 1, 2, are the principal curvatures of M
2. Then, using equation (5), we see that
for a principal direction ei, i = 1, 2, the associated principal curvature, λi, is constant in the
direction of ei (see also [13]). Moreover, differentiating (22) in the direction of e1 we have that
e1 (Ke) = λ1e1 (λ2) = e1
(
b2
4
)
= 0 .
Thus, since λ1 6= 0 from equation (5), we conclude that λ2 is also constant in the direction of
e1. Repeating the same argument for e2 we get that the principal curvatures are constant in a
neighborhood of any fixed point p ∈M2. Therefore,M2 has constant principal curvatures (and,
then constant mean curvature). Moreover, recall that M2 is also totally biharmonic. That is,
the shape operator of M2, Sη with η = Eˆ3, must verify |Sη|2 = Ric (η, η). Thus, together with
equation (16) of [11], we obtain
|Sη|2 = κ2g +
b2
2
= Ric(Eˆ3, Eˆ3) = 4 a− b
2
2
,
where κg denotes the geodesic curvature of the curve α(s) = π(α˜(s)) in the base space of the
Riemannian submersion (see [11] or [16] for details). Moreover, κ2g = 4 a − b2 > 0, thus, the
curve α(s) has constant curvature in a surface with constant Gaussian curvature 4 a > b2 ≥ 0,
that is, in a 2-dimensional round sphere S2(4 a).
In conclusion we have that the curve α(s) represents a circle and, as a consequence, the Hopf
cylinder M2 is invariant under the action of the group SO(2), that is, M2 is a rotational Hopf
cylinder. 
As a consequence of Theorem 4.1, in order to classify the totally biharmonic surfaces in
BCV spaces, we just need to find the rotational Hopf cylinders such that all their geodesics are
biharmonic in the BCV ambient space. Thus, from now on, we are going to assume that M2
is a SO(2)-invariant Hopf cylinder of a BCV space N(a, b) with 4 a 6= b2. Using the adapted
orthonormal frame introduced in (21), {Eˆ1, Eˆ2, Eˆ3}, we have that the unit tangent vector field
of any arc-length parametrized curve immersed in M2, γ(s), can be written as
t(s) = γ′(s) = sinω Eˆ1 + cosω Eˆ2 ,
for some function ω. That is, the tangent vector field of any curve γ of M2, seen as a curve in
the ambient space N(a, b), can be described in terms of the orthonormal frame {E1, E2, E3} as
follows
(23) t = sinω cos ϑE1 + sinω sinϑE2 + cosωE3 ,
where ϑ stays constant along the integral curves of E3.
Moreover, if we also assume that γ is a geodesic in M2 we have that ω must be constant. In
fact, from (23) and taking into account (12), we can compute ∇tE3, obtaining
〈t,∇tE3〉 = 〈t, sinω cos ϑ∇E1E3 + sinω sinϑ∇E2E3〉 =
b
2
sinω 〈t, Eˆ3〉 = 0 .
Thus, we have
d
ds
(cosω) = t〈t, E3〉 = 〈∇t t, E3〉+ 〈t,∇tE3〉 = 〈II(t, t) Eˆ3, E3〉 = 0 ,
where we have used the Gauss formula and that γ is a geodesic in M2 to get ∇t t = II(t, t) Eˆ3.
That is, cosω is constant along γ, which means that ω is a constant function. In other words,
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geodesics of a rotational Hopf cylinder are helices making a constant angle with the vertical
direction Eˆ2 = E3.
Observe that these helices in BCV spaces N(a, b) can be parametrized by arc-length as follows.
For any real constants r and µ, take the curve
(24) γ(s) = (r sinλ s,−r cos λ s, λ µ s) .
Now, the arc-length condition implies that the function λ must satisfies
(25) λ =
λa√
r2 +
(
b
2 r
2 − µλa
)2 .
We are going to call the constant r the Euclidean radius of the helix γ by analogy with the
Euclidean space R3.
It turns out that, combining the derivative of the parametrization (24) of any of these helices
with the expression of the tangent vector field given in (23) and some manipulations, the
following relations between the constant function ω and the parameters r and µ defining the
helix γ are valid
(26) sinω =
r√
r2 +
(
b
2 r
2 − µλa
)2 , cosω = b2 r2 − µλa√
r2 +
(
b
2 r
2 − µλa
)2 .
We thus obtain the following result
Proposition 4.2. A rotational Hopf cylinder into N(a, b), ρ = 4 a 6= b2, is a totally biharmonic
surface if and only if N(a, b) ∼= S2(ρ) × R and the Euclidean radius of all the helices γ of the
Hopf cylinder is given by
r2 =
3± 2√2
a
.
Proof. Let M2 be a rotational Hopf cylinder of N(a, b) with 4 a 6= b2. As mentioned before,
geodesics of M2 seen as curves in N(a, b) are the helices γ parametrized by (24) and whose
tangent vector field t is given in (23). Both formulas are related due to the equations (25) and
(26).
First of all, if γ happens to be also a geodesic in the ambient space N(a, b) we are done. This is
the case, for instance, for the integral curves of E3. Lets us assume that γ is not a geodesic of
the ambient space and, therefore, along γ there is a well-defined Frenet frame {t,n,b}. Then,
computing the covariant derivative of the tangent vector field t, (23), we obtain the following
explicit expression of the curvature of γ, κ, as a curve in N(a, b) (see [4, Lemma 5.5] for the
explicit computation):
(27) κ = ̟ sinω ,
where ̟ is a constant given by
̟ = λ− 2 a r sinω − b cosω ,
while λ, sinω and cosω are given in (25) and (26), respectively.
Moreover, from this computation and the constant value of ω proved before, we easily obtain
that n3 = 〈n, E3〉 = 0, n being the Frenet normal to γ. In particular, this means that b3 =
〈b, E3〉 = sinω, since the Frenet binormal vector field can be defined as b = t× n, where here
× denotes the cross product.
Then, arguing as in Theorem 5.6 of [4] we can also compute the torsion τ of γ obtaining that
(28) τ = −̟ cosω − b
2
.
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Now, the curve γ in N(a, b), 4 a 6= b2, is a proper biharmonic curve if equations (17)-(20)
are verified. Equation (17) trivially holds because both ̟ and ω are constants and γ is non-
geodesic in N(a, b). Moreover, the same argument works to prove that equation (18) is verified.
Equation (19) is also true since, as argued before, n3 = 0. Thus, in order to check if γ is a
proper biharmonic curve in N(a, b), we just need to verify equation (20).
Combining (20) with the values of the curvature of γ, (27), the torsion, (28), and with b3 = sinω
we get, after some simplifications,
(29) a
(
2a [1− µb] + b2) r4 + (b2 − 12a) r2 + 2 (1 + µb) = 0 .
Notice that, in order to have that all geodesics γ, (24), of M2 are proper biharmonic helices in
the ambient BCV space, N(a, b), we need that the radius r, which is a solution of (29), must be
independent of the parameter µ. This only happens when b = 0, that is, whenN(a, b) = N(a, 0).
Moreover, for b = 0 there are exactly two positive solutions of (29), given by
(30) r2 =
3± 2√2
a
provided that a > 0. In other words, the rotational Hopf cylinder M2 is totally biharmonic if
and only if N(a, b) is congruent to S2(4 a) × R and r is one of the two possible positive radius
given in (30). 
Remark 4.3. In principle, Proposition 4.2 shows the existence of two non-totally geodesic
surfaces M2 which are totally biharmonic in the BCV space N(a, 0) ∼= S2(ρ)×R where ρ = 4 a.
These surfaces are rotational Hopf cylinders and they are completely described by the positive
radius, r > 0, given in (30). Therefore, for notation consistence we are going to denote by M2+
(and, M2−) the associated surface with r+ (and r−, respectively) determined by the choice of
sign in (30).
Now, it turns out that both surfaces are essentially the same, in the sense that they are
congruent to each other. Moreover, they are exactly the same up to a change of orientation. In
order to prove this, consider the parametrization x(s, t) = ψt(α˜(s)) of the Hopf cylinder where
{ψt ; t ∈ R} denotes the one-parameter group of isometries associated to E3 and α˜(s) is an
arc-length parametrized curve in N(a, b) everywhere orthogonal to E3. We can easily compute
the first fundamental form of M2+ andM
2
−, verifying that both of them are the same. Moreover,
a straightforward computation of the coefficients of the second fundamental form gives
II11 =
1− a r2±
r±
, II12 = II22 = 0 .
Thus, after substituting the values of r± given in (30), we have that II
+
11 = −2
√
a = −II−11,
which means that both surfaces, M2+ and M
2
−, are the same up to a change of orientation.
Thus combining Proposition 4.2 and Remark 4.3 we have the following result
Theorem 4.4. A totally biharmonic surface into N(a, b), with ρ = 4 a 6= b2, is either a part of
a totally geodesic surface or a part of the cylinder S1(
√
2 ρ )× R where N(a, b) ∼= S2 (ρ)× R.
Finally, combining the case n = 3 of Theorem 3.1 and Theorem 4.4, we obtain the local clas-
sification of totally biharmonic surfaces into BCV spaces given, as announced, in Theorem 1.2.
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